Well-posedness of the difference schemes for elliptic equations in Cτβ,γ(E) spaces  by Ashyralyev, Allaberen
Applied Mathematics Letters 22 (2009) 390–395
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Well-posedness of the difference schemes for elliptic equations in
Cβ,γτ (E) spaces
Allaberen Ashyralyev
Department of Mathematics, Fatih University, 34500 Buyukcekmece, Istanbul, Turkey
a r t i c l e i n f o
Article history:
Received 6 January 2008
Received in revised form 25 May 2008
Accepted 3 June 2008
Keywords:
Abstract elliptic problem
Banach spaces
Well-posedness
Difference schemes
a b s t r a c t
The second order of accuracy difference scheme for the approximate solutions of the
nonlocal boundary-value problem
−v′′(t)+ Av(t) = f (t) (0 ≤ t ≤ 1), v(0) = v(1), v′(0) = v′(1)
for differential equations in an arbitrary Banach space E with a strongly positive operator
A is considered. The well-posedness of this difference scheme in Cβ,γτ (E) spaces is
established. In applications, a series of coercivity inequalities in difference analogues of
various Hölder norms for the solutions of difference schemes of the second order of
accuracy over one variable for the approximate solutions of the nonlocal boundary value
problem for elliptic equations are obtained.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction. The difference problem
The role played by coercive inequalities in the study of local boundary-value problems for elliptic differential equations
is well known (see, e.g., [1,2]). In present paper the nonlocal boundary-value problem
− v′′(t)+ Av(t) = f (t) (0 ≤ t ≤ 1), v(0) = v(1), v′(0) = v′(1) (1.1)
in an arbitrary Banach space with a strongly positive operator A is considered. It is known (see, for example [3–5]) that
various nonlocal boundary-value problems for elliptic equations can be reduced to the boundary-value problem (1.1).
Methods of solution of the abstract elliptic differential and difference equations have been studied extensively by many
researchers (see [7–13] and the references therein).
It is well-known that (see [8]) establishing coercivity inequalities (well-posedness) for solutions of difference schemes
is important in applications because such inequalities allow one to obtain sharp, i.e., two-sided estimates of the rate of
convergence to zero of the coercive norms of the error of the solution. We consider the second order of accuracy difference
scheme{
− 1
τ 2
[uk+1 − 2uk + uk−1] + Auk = fk, 1 ≤ k ≤ N − 1,
u0 = uN , −u2 + 4u1 − 3u0 = uN−2 − 4uN−1 + 3uN , Nτ = 1
(1.2)
for the approximate solutions of the nonlocal boundary- value problem (1.1). It is known (see [8]) that for a strongly positive
operator A it follows that B = 12 (τA+
√
4A+ τ 2A2) is strongly positive and R = (I + τB)−1 which is defined on the whole
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space E is a bounded operator. Furthermore, we have that
‖Rk‖E→E ≤ M(1+ δτ)−k, kτ‖BRk‖E→E ≤ M, k ≥ 1, δ > 0, (1.3)
‖Bβ(Rk+r − Rk)‖E→E ≤ M (rτ)
α
(kτ)α+β
, 1 ≤ k < k+ r ≤ N, 0 ≤ α, β ≤ 1, (1.4)
‖(I − RN)−1‖E→E ≤ M (δ) , ‖(I − (2I − τB)(2I + 3τB)−1RN−2)−1‖E→E ≤ M (δ) . (1.5)
Positive constants, which can differ in time (hence: not a subject of precision) will be indicated with an M . On the other
hand,M(α, β, . . .) is used to focus on the fact that the constant depends only on α, β, . . ..
For any fk, 1 ≤ k ≤ N − 1 the solution of the problem (1.2) exists and the following formula holds [9]:
uk =
N−1∑
j=1
G(k, j)fjτ , 0 ≤ k ≤ N, (1.6)
where
G(k, 1) = G(k,N − 1) = −C(RN−3 (I − 4R)+ R− 4I)(2B)−1(I − DRN−2)−1
for k = 0 and k = N;
G(k, j) = −C(R2 − 4R+ I)(Rj−2 + RN−j−2)(2B)−1(I − DRN−2)−1
for 2 ≤ j ≤ N − 2 and k = 0, k = N;
G(k, 1) = CC1(2B)−1{Rk−1(2(R+ 3I)+ R2(R− 3I))+ RN−k(4I − R)(I + R)
+ RN+k−3(I − 4R)(I + R)+ R2N−k−3(3R− I − 2R2(3R+ I))}(I − RN)−1(I − DRN−2)−1,
G(k,N − 1) = −CC1(2B)−1{Rk(R− 4I)(R+ I)+ RN−k−1(−2(R+ 3I)+ R2(3I − R))
+ RN+k−3(I − 3R+ 2R2(3R+ I))+ R2N−k−3(4R− I)(R+ I)}(I − RN)−1(I − DRN−2)−1,
G(k, j) = CC1(2B)−1{(R− I)3(Rj+k−2 + R2N−2−j−k)
+ (−I + 3R+ R2(3I − R))(RN−k+j−2 + RN+k−j−2)+ 2(I − 3R)(R2N−2+j−k + R2N−2−j+k)
+ 2R|j−k|(RN − I) (R− 3I + RN−2(−I + 3R))}(I − RN)−1(I − DRN−2)−1
for 2 ≤ j ≤ N−2 and 1 ≤ k ≤ N−1.Here C = (I+τB)(2I+3τB)−1, C1 = (I+τB)(2I+τB)−1,D = (2I−τB)(2I+3τB)−1,
where I is the unit operator.
Let Fτ (E) be the linear space of the mesh functions ϕτ = {ϕk}N−11 with values in the Banach space E. Next on Fτ (E) we
introduce the Banach spaces Cτ (E) = C([0, 1]τ , E) and Cβ,γτ (E) = Cβ,γ01 ([0, 1]τ , E)(0 ≤ γ ≤ β ≤ 1) with the following
norms:
‖ϕτ‖Cτ (E) = max1≤k≤N ‖ϕk‖E,
‖ϕτ‖Cβ,γτ (E) = ‖ϕ
τ‖Cτ (E) + sup
1≤k<k+r≤N−1
‖ϕk+r − ϕk‖E ((k+ r)τ )
γ (1− kτ)γ
(rτ)β
.
The fractional spaces E˜α = E˜α(E, B)(0 < α < 1) consisting of all v ∈ E for which the following norms are finite:
‖v‖˜Eα = sup
λ>0
λα‖B(λ+ B)−1v‖E
are additionally introduced here.
The nonlocal boundary value problem (1.2) is said to be coercively stable (well-posed) in Fτ (E) if we have the coercive
inequality
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Fτ (E) ≤ M‖f τ‖Fτ (E),
whereM is independent not only of f τ but also of τ .
In the paper [9] the coercive stability (well-posedness) of the difference problem (1.2) in the spaces Cα,0τ (E), Cτ (˜Eα)(0 <
α < 1) and the almost coercive stability (with multiplier parameter min
{
ln 1
τ
, 1+ |ln ‖B‖E→E |
}
) of the difference problem
(1.2) in the spaces Cτ (E)were established.
In the present paper the well-posedness of the difference problem (1.2) in Cβ,γτ (E) is established. In applications, a series
of coercivity inequalities in difference analogues of various Hölder norms for the solutions of difference schemes of the
second order of accuracy over one variable for the approximate solutions of the nonlocal boundary value problem for elliptic
equations are obtained.
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2. Well-posedness of the difference scheme (1.2)
Theorem 2.1. Let A be a strongly positive operator in a Banach space E. Let τ be a sufficiently small number. Then the solutions
of the difference scheme (1.2) in Cβ,γτ (E)(0 ≤ γ ≤ β, 0 < β < 1) obey the coercivity inequalities
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cτ (˜Eβ−γ ) ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)‖fN−1 − f1‖˜Eβ−γ , (2.1)
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cβ,γτ (E) + ‖{Auk}
N−1
1 ‖Cβ,γτ (E) ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)|A
−1(fN−1 − f1)|β,γ1 . (2.2)
Here
|w|β,γ1 = sup
0<τ≤τ0
{
max
1≤n≤N−1
‖ARnw‖E + sup
1≤n<n+r≤N−1
t−βr (tn + tr)γ (tN − tn)γ ‖A(Rn+r − ARn)w‖E
}
denotes norm of the Banach space E˜β,γ1 consisting of those v ∈ E for which it is finite.
Proof. By [8],
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cτ (˜Eβ−γ ) ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)(‖Aϕ − f 1 ‖˜Eβ−γ + ‖Aψ − fN−1‖˜Eβ−γ ),
×‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cβ,γτ (E) + ‖{Auk}
N−1
1 ‖Cβ,γτ (E) (2.3)
≤ M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)(|ϕ − A
−1f1|β,γ1 + |ϕ − A−1fN−1|β,γ1 ) (2.4)
for the solutions of the boundary value problem
− 1
τ 2
[uk+1 − 2uk + uk−1] + Auk = fk, 1 ≤ k ≤ N − 1, u0 = ϕ, uN = ψ (2.5)
of the elliptic difference equations in an arbitrary Banach space E with a strongly positive operator A. The proof of estimates
(2.1) and (2.2) for the solutions of the difference scheme (1.2) is based on the estimates (2.3) and (2.4) and the following
estimates
‖Au0−f 1 ‖˜Eβ−γ ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)‖fN−1 − f1‖˜Eβ−γ , (2.6)
‖AuN −f N−1 ‖˜Eβ−γ ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)‖fN−1 − f1‖˜Eβ−γ , (2.7)
|u0 − A−1f1|β,γ1 ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)|A
−1(fN−1 − f1)|β,γ1 , (2.8)
|uN − A−1fN−1|β,γ1 ≤
M(δ)
β(1− β)‖f
τ‖Cβ,γτ (E) +M(δ)|A
−1(fN−1 − f1)|β,γ1 (2.9)
for the solution of problem (1.2). Using (1.6), we obtain
Au0 − f1 = C(R− 3I − RN−2(3R+ I))2−1(I − DRN−2)−1 (−f1 + fN−1)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)Rj−22−1(I − DRN−2)−1(f1 − fj)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)RN−j−22−1(I − DRN−2)−1(fN−1 − fj). (2.10)
Then by using formula (2.10) and estimate (1.5), the following estimates are obtained:
‖Au0−f 1 ‖˜Eβ−γ ≤ M(δ)‖C(R− 3I − RN−2(3R+ I))2−1 (−f1 + fN−1)+
N−2∑
j=2
τBRC(R2 − 4R+ I)Rj−22−1(f1 − fj)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)RN−j−22−1(fN−1 − fj)‖˜Eβ−γ , (2.11)
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|u0 − A−1f1|β,γ1 ≤ M(δ)|C(R− 3I − RN−2(3R+ I))2−1 (−f1 + fN−1)+
N−2∑
j=2
τBRC(R2 − 4R+ I)Rj−22−1(f1 − fj)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)RN−j−22−1(fN−1 − fj)|β,γ1 . (2.12)
The application of estimates (1.3) and (1.4) gives the following result:∥∥∥∥∥C(R− 3I − RN−2(3R+ I))2−1 (−f1 + fN−1)+ N−2∑
j=2
τBRC(R2 − 4R+ I)Rj−22−1(f1 − fj)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)RN−j−22−1(fN−1 − fj)
∥∥∥∥∥
E˜β−γ
≤ M
β(1− β)‖f
τ‖Cβ,γτ (E) +M‖fN−1 − f1‖˜Eβ−γ ,∣∣∣∣∣C(R− 3I − RN−2(3R+ I))2−1 (−f1 + fN−1)+ N−2∑
j=2
τBRC(R2 − 4R+ I)Rj−22−1(f1 − fj)
+
N−2∑
j=2
τBRC(R2 − 4R+ I)RN−j−22−1(fN−1 − fj)
∣∣∣∣∣
β,γ
1
≤ M
β(1− β)‖f
τ‖Cβ,γτ (E) +M|A
−1(fN−1 − f1)|β,γ1 .
Then, estimates (2.6) and (2.8) follow from these estimates and (2.11) and (2.12). Estimates (2.7) and (2.9) are derived from
estimates (2.6)–(2.8), the triangle inequality and the condition u0 = uN . Theorem 2.1 is proved. 
Theorem 2.2. Let A be a strongly positive operator in a Banach space E. Let τ be a sufficiently small number. Then the solutions
of the difference scheme (1.2) in Cβ,γτ (˜Eα−β)(0 ≤ γ ≤ β ≤ α, 0 < α < 1) obey the coercivity inequalities
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cτ (˜Eβ,γ1+α−β ) ≤
M(δ)
α(1− α)‖f
τ‖Cβ,γτ (˜Eα−β ) +M(δ)‖fN−1 − f1‖˜Eα−γ , (2.13)
‖{τ−2(uk+1 − 2uk + uk−1)}N−11 ‖Cβ,γτ (˜Eα−β ) + ‖{Auk}
N−1
1 ‖Cβ,γτ (˜Eα−β )
≤ M(δ)
α(1− α)‖f
τ‖Cβ,γτ (˜Eα−β ) +M(δ)|A
−1(fN−1 − f1)|β,γ1+α−β . (2.14)
Here
|w|β,γ1 = sup
0<τ≤τ0
{ max
1≤n≤N−1
‖ARnw‖˜Eα−β + sup
1≤n<n+r≤N−1
t−βr (tn + tr)γ (tN − tn)γ ‖A(Rn+r − ARn)w‖˜Eα−β }
denotes the norm of the Banach space E˜β,γ1+α−β consisting of thosew ∈ E for which it is finite.
The proof of Theorem 2.2 is carried out according to the scheme of proof of Theorem 2.1 and is based on formula (2.10)
and estimates (1.3)–(1.5).
Note that by passing to the limit for τ → 0 one can recover Theorems of the paper [6] on well-posedness of the nonlocal
boundary value problem (1.1) in spaces of smooth functions.
3. Application
The boundary value problem on the range {0 ≤ t ≤ 1, x ∈ Rn} for the 2m-order multidimensional differential equation
of elliptic type is considered:−
∂2v
∂t2
+
∑
|τ |=2m
aτ (x)
∂ |τ |v(t, x)
∂xτ11 · · · ∂xτnn
+ σv(t, x) = f (t, x), 0 ≤ t ≤ 1,
v(0, x) = v(1, x), vt(0, x) = vt(1, x), x ∈ Rn, |τ | = τ1 + · · · + τn,
(3.1)
where ar(x) and f (t, x) are given sufficiently smooth functions. Here σ is a sufficiently large positive constant. It is assumed
that the symbol
Bx(ξ) =
∑
|r|=2m
ar(x) (iξ1)r1 · · · (iξn)rn , ξ = (ξ1, . . . , ξn) ∈ Rn
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of the differential operator of the form
Bx =
∑
|r|=2m
ar(x)
∂ |r|
∂xr11 · · · ∂xrnn
(3.2)
acting on functions defined on the space Rn, for ξ 6= 0 satisfies the inequalities
0 < M1|ξ |2m ≤ (−1)mBx(ξ) ≤ M2|ξ |2m <∞.
The abstract theorems given above are applied in the investigation of difference schemes for approximate solution of the
(3.1). The discretization of problem (3.1) is carried out in two steps. In the first step the grid space Rnh (0 < h ≤ h0) is defined
as the set of all points of the Euclidean space Rn whose coordinates are given by
xk = skh, sk = 0,±1,±2, . . . , k = 1, . . . , n.
The difference operator Axh = Bxh + σ Ih is assigned to the differential operator Ax = Bx + σ I , defined by (3.2). The operator
Bxh = h−2m
∑
2m≤|s|≤S
bxs∆
s1
1−∆
s2
1+ · · ·∆s2n−1n− ∆s2nn+, (3.3)
acts on functions defined on the entire space Rnh. Here s ∈ R2n is a vector with nonnegative integer coordinates,
∆k±f h (x) = ±
(
f h (x± ekh)− f h (x)
)
,
where ek is the unit vector of the axis xk.
An infinitely differentiable function ϕ (x) of the continuous argument x ∈ Rn that is continuous and bounded together
with all its derivatives is said to be smooth. We say that the difference operator Axh is a λth order (λ > 0) approximation of
the differential operator Ax if the inequality
sup
x∈Rnh
∣∣Axhϕ (x)− Axϕ (x)∣∣ ≤ M (ϕ) hλ
holds for any smooth function ϕ (x) . The coefficients bxs are chosen in such a way that the operator A
x
h approximates in a
specified way the operator Ax. It will be assumed that the operator Axh approximates the differential operator A
x with any
prescribed order [10].
The function Ax (ξh, h) is obtained by replacing the operator ∆k± in the right-hand side of equality (3.3) with the
expression± (exp {±iξkh} − 1), respectively, and is called the symbol of the difference operator Bxh.
It will be assumed that for |ξkh| ≤ pi and fixed x the symbol Ax(ξh, h) of the operator Bxh = Axh − σ Ih satisfies the
inequalities
(−1)mAx(ξh, h) ≥ M|ξ |2m, | arg Ax(ξh, h)| ≤ φ < φ0 ≤ pi2 . (3.4)
Suppose that the coefficient bxs of the operator B
x
h = Axh − σ Ih is bounded and satisfies the inequalities
|bx+ekhs − bxs | ≤ Mhε, x ∈ Rnh, ε ∈ (0, 1]. (3.5)
With the help of Axh we arrive at the nonlocal boundary-value problem−d
2vh(t, x)
dt2
+ Axhvh(t, x) = f h(t, x), 0 < t < 1,
vh(0, x) = vh(1, x), vht (0, x) = vht (1, x), x ∈ Rnh,
(3.6)
for an infinite system of ordinary differential equations.
In the second step, problem (3.6) is replaced by the difference scheme{
− 1
τ 2
[uhk+1 − 2uhk + uhk−1] + Axhuhk = f hk , f hk = f h(tk, x), 1 ≤ k ≤ N − 1,
uh0 = uhN , −uh2 + 4uh1 − 3uh0 = uhN−2 − 4uhN−1 + 3uhN , x ∈ Rnh, Nτ = 1.
(3.7)
To formulate the result, one needs to introduce the spaces Ch = C(Rnh) and Cβh = Cβ(Rnh) of all bounded grid functions
uh(x) defined on Rnh, equipped with the norms
‖uh‖Ch = sup
xεRnh
|uh(x)|; ‖uh‖Cβh = supxεRnh
|uh(x)| + sup
x,y∈Rnh
|uh(x)− uh(x+ y)|
|y|β .
A. Ashyralyev / Applied Mathematics Letters 22 (2009) 390–395 395
Theorem 3.1. Let τ and h be a sufficiently small numbers. Suppose that assumptions (3.4) and (3.5) for the operator Axh hold.
Then the solutions of the difference schemes (3.7) satisfy the following coercivity inequalities:
‖{τ−2(uhk+1 − 2uhk + uhk−1)}N−11 ‖Cβ,γτ (Cm(α−β)+νh ) ≤ M(α, β, γ , ν, σ , δ)(‖f τ ,h‖Cβ,γτ (Cm(α−β)+νh ) + ‖f h1 − f hN−1‖Cm(α−γ )+νh ),
0 ≤ γ ≤ β ≤ α, 0 < ν +m(α − γ ) < 1,
‖{τ−2(uhk+1 − 2uhk + uhk−1)}N−11 ‖Cβ,γτ (Cνh ) ≤ M(β, γ , ν, σ , δ)(‖f
τ ,h‖Cβ,γτ (Cνh ) + ‖f
h
1 − f hN−1‖Cm(β−γ )+νh ), 0 ≤ γ ≤ β,
0 < ν +m(β − γ ) < 1.
The proof of Theorem 3.1 is based on the abstract Theorems 2.1 and 2.2 and the positivity of the operator Axh in Ch [10] and
on the theorems on the coercivity inequality for the solution of the elliptic difference equation in Cβh and on the structure of
the spaces E˜β(Ch, (Axh)
1
2 ) [11,14].
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